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Abstract
We study Euclidean wormholes in the framework of the Horˇava-Lifshitz the-
ory of gravity. Euclidean wormholes first appeared in the Euclidean path integral
approach to quantum gravity. In a more general way, Hawking and Page inter-
preted such configurations as solutions to the Wheeler-DeWitt equation with ap-
propriate boundary conditions. We use the projectable version of Horˇava-Lifshitz
gravity to obtain the Wheeler-DeWitt equation of a minisuperspace model con-
sidering a closed Friedmann Universe plus a massless scalar field. For large values
of the scale factor we find that the solution of the Wheeler-DeWitt equation coin-
cides with the one obtained by Hawking. Whereas in the limit corresponding to
the early Universe we find a new set of solutions, which agree with the Hawking
and Page boundary conditions for wormholes.
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1 Introduction
It is well known that in the quantum field theoretic description of Einstein’s gravity
one founds ultraviolet (UV) divergences. The presence of these UV divergences has its
origin in the fact that Newton’s constant has mass dimension [GN ] = −2. That means
that the gravitational interaction may be described by an effective field theory, in which
case it would require an UV completion. In Ref. [1] Horˇava proposed one possible UV
completion of Einstein theory. The basic idea of Horˇava’s theory is to improve the
UV behavior of gravity by adding higher-order terms in the spatial component of the
curvature to the Einstein-Hilbert action. The result is a theory of gravity in 3+1
dimensions that is power-counting renormalizable and whose equations of motion are
of second order in time, avoiding the presence of ghosts. In this scenario Horˇava’s
idea was to follow some work of Lifshitz in condensed matter physics regarding the
consideration of an anisotropic scaling of space and time
t→ bzt, xi → bxi, (i = 1, 2, . . . , d) (1)
This scaling is known as Lifshitz scaling, where b is a constant, d denotes the spatial
dimension of spacetime, and z is a number called the dynamical critical exponent,
which dictates the degree of anisotropy between space and time. It is clear that Lorentz
symmetry is broken for z 6= 1 in the UV and it is recovered only when z = 1, which
occurs at low energies in the infrared (IR).
It is important to point out that the Lifshitz scaling does not respect the full
invariance under diffeomorphisms present in general relativity (GR). Thus one has to
introduce a more restricted reparametrization of spacetime which respect the foliation
F into space and time
t 7→ t˜(t), xi 7→ x˜i(t, xi). (2)
This remaining redundancy is called foliation-preserving-diffeomorphisms (or FDiff for
short) because the spatial diffeomorphisms are the ones that remain unchanged. In
other words, it is chosen a preferred time. This proposal constitutes the so called
Horˇava-Lifshitz (HL) theory of gravity and it can be regarded as an extension of GR to
higher energies (for some reviews on the subject, see [2, 3, 4, 5] and references therein).
In this article we will work in one of the versions of the HL theory known as the
projectable theory. It is known that this theory has a unphysical scalar degree of
freedom which leads to a perturbative IR instability [3]. For the projectable case this
IR instability was studied in Refs. [5, 6, 7]. In these references it is found that in
the limit λ → 1, the resulting theory is GR coupled to the scalar model describing
dark matter (DM). In the specific case of quantum cosmology in the minisuperspace
approach for a homogeneous and isotropic metric of the Fiedmann-Lemaitre-Robertson-
Walker (FLRW) type, the projectable model leads to a Friedmann equation including
a DM component through the additional scalar mode. From the view point of the
canonical approach to gravity, projectable and non-projectable models differ in the
local nature of the Hamiltonian constraint for the non-projectable case and non-local
one for the projectable case. In the non-projectable model the scalar degree of freedom
is absent. Consequently, if one is only interested in solving the Hamiltonian constraint
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(i.e. the Wheeler-DeWitt (WDW) equation) for a FLRW metric, both: projectable and
non-projectable models will give the same results and the IR perturbative instability is
not evident. Some of the papers describing some solutions of Horˇava-Lifshitz’s gravity
in quantum cosmology in the minisuperspace are [8, 9, 10, 11, 12, 13, 14].
On the other hand, the idea of wormhole solution in GR was suggested by Wheeler,
the ideas is that the topology of spacetime may fluctuate on scales of the order of the
Planck length (∼ 10−33 cm) giving rise to wormhole configurations [15, 16]. These
objects are defined as finite-action solutions to the equations of motion of the classical
Euclidean Einstein field equations, which is why they are also called gravitational in-
stantons. In other words, they are Euclidean metrics that describe two asymptotically
flat regions joined by a narrow tube or throat. For an account on some of these subjects
in Euclidean gravity, see for instance, [17].
The interest on Euclidean wormhole physics peaked in the late 1980s after Giddings
and Strominger found a gravitational instanton solution by considering a model of an
axionic field (a 3-form) coupled to gravity [18]. The importance of this solution was
appreciated mainly due to the application of wormholes to the cosmological constant
problem. Such an idea was pursued by Coleman who used the saddle point approxima-
tion in the path integral approach to show that one of the possible effects of wormholes
was to set the value of the cosmological constant to zero [19]. Later Hawking also
argued that macroscopic wormholes might be responsible for the mechanism of black
hole evaporation. In this picture, baby universes are pinched-off from some region
of our Universe carrying away information [20]. Euclidean wormholes have plenty of
implications on particle physics and cosmology [21], and for that reason a renewal in-
terest has started to appear in recent years. In particular, Euclidean wormholes (or
more specifically, Giddings-Strominger axionic wormholes) seem to satisfy the Weak
Gravity Conjecture [22], which gives support to its physical relevance.
For some time wormholes were only studied as solutions to the Euclidean field
equations using a semiclassical treatment. Such solutions exist only for specific kinds of
matter. Thus it seems more natural that their importance rely in microscopic physics
and one shall to study them in a quantum mechanical setting. This approach was
followed by Hawking and Page in [23]. They regarded wormholes as solutions to the
WDW equation obeying the so called Hawking-Page boundary conditions: (a) The wave
function needs to be exponentially damped for large 3-geometries; (b) It is regular as
the 3-geometry collapses to zero.
The foliation of spacetime in constant time hypersurfaces is known as the Arnowitt,
Deser and Misner (ADM) [24]) decomposition of spacetime [24]. It is also the starting
point of quantum cosmology, where the quantum dynamics is governed by the WDW
equation (for a review of quantum cosmology, see for instance, [25, 26]). The for-
malism of quantum cosmology turns out to be an important tool to investigate the
implications of HL gravity at the quantum level. In the present paper we study Eu-
clidean wormholes in the context of Horˇava-Lifshitz quantum cosmology. Some work
on wormhole solutions in the context of Horˇava-Lifshitz gravity have been given in
Refs. [27, 28, 29, 30]. In the present work, we are most concerned with obtaining so-
lutions to the WDW equation that satisfy the Hawking-Page conjecture for Euclidean
wormholes. Although solutions of this type have been found in minisuperspace models
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for GR coupled to both massless and massive scalar fields [23, 31, 32, 33, 34], not much
attention has been given to the canonical approach of wormholes, commonly known as
Euclidean quantum wormholes [35]. For that reason, we will explore more that path,
considering Horˇava-Lifshitz gravity, which as a proposal of a UV completion of GR,
seems to be more appropriated for exploring the early Universe regime.
We will propose a minisuperspace model of quantum cosmology starting, for sim-
plicity, from the action of the projectable version of HL gravity. However, in order to
obtain wormhole solutions to the WDW equation we need to couple matter to gravity.
The theory of scalar fields coupled to HL gravity, requires a theory of higher-order spa-
tial derivatives of the scalar discussed in Refs. [36, 37, 38, 39]. Following this approach,
we end up with a matter action that reduces to a theory with minimal coupling in the
IR. In fact, for a homogeneous scalar field, the matter action behaves as the relativis-
tic one. However, in our analysis this will not be the case because we will take the
scalar field as a perturbation. Thus, the idea is to couple a (massless) scalar field to
HL gravity, and then quantize the model to obtain the corresponding WDW equation.
All of this is done by considering the FLRW metric of a closed Universe. Finally we
will find solutions of the WDW equation that satisfy the Hawking-Page conditions for
quantum wormholes.
This article is organized as follows, in Section 2, we begin by introducing the action
of the projectable version of HL gravity as well as the action of the scalar matter fields.
In Section 3 we give a brief review of the Hawking-Page conjecture for Euclidean
quantum wormholes and then outline one of their solutions found when considering
a model with conformally invariant matter. In Section 4, we obtain the quantum
cosmological model for the projectable HL gravity coupled to a scalar field, which we
treat as a perturbation. We find explicit asymptotic solutions of the WDW equation in
the limit of the early and late Universe. For some of these solutions such limits satisfy
the Hawking-Page boundary conditions. In the same Section we extend the analysis
for cases of non-vanishing negative and positive cosmological constant. We argue if
these solutions represent wormholes. Finally in Section 5 we give our conclusions and
final remarks.
2 Horˇava-Lifshitz gravity
We start from the Einstein-Hilbert action in its ADM form [24, 25, 26], i.e. written in
terms of the the 3-metric hij of the spatial surface Σ, and the extrinsic curvature
Kij =
1
2N
(h˙ij −DiNj −DjNi), (3)
where N is the lapse function and N i is the shift vector. Horˇava’s theory modifies such
action by adding higher-order spatial curvature terms in order to obtain a renormaliz-
able theory of gravity in 3+1 dimensions.
We will use the projectable version of the theory, which takes the lapse function to
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be dependent only on time, N = N(t). The action is given by [2, 3, 4]
SHL =
M2P
2
∫
dtd3xN
√
h
{
KijKij − λK2 − 2Λ +R +M−2P
(
g2R
2 + g3RijR
ij
)
+M−4P
(
g4R
3 + g5R(RijR
ij) + g6R
i
jR
j
kR
k
i
)
+M−4P
[
g7RD
2R + g8 (DiRjk)
(
DiRjk
)] }
, (4)
where the gn (n = 0, . . . , 8) are dimensionless running coupling constants, MP is the
Planck mass, Di stand for covariant derivatives associated to the metric hij where h
is its determinant, and Rij, R are the Ricci tensor and scalar curvature of the spatial
surface Σ, respectively.
The parameter λ runs under the renormalization group flow [5]. In particular, in
the IR limit, λ → 1, and all the higher-order curvature terms go to zero (gn → 0 for
n = 2, . . . , 8). Therefore, in principle one would recover GR. However, as we men-
tioned in the introduction Section and in [14], this IR limit is unstable in the case
of the projectable theory. The perturbative analysis shows [6] that there is an scalar
degree of freedom that does not decouple from the gravitational field. Thus it is neces-
sary to perform a non-perturbative approach and to restore the GR limit by non-linear
dynamics. In the present situation we are studying the dynamics at the level of the
Hamiltonian constraint, not from the full Einstein equations (Friedmann equations)
point of view. Thus, for our particular aim of the quest of Euclidean wormholes so-
lutions to the WDW equation for the projectable model, the instability will not be
evident and will not play a direct role in the description.
2.1 Adding matter to the theory
We write a total action of the following form
S = SHL + Sm, (5)
where SHL is the action of the projectable version of HL gravity, and Sm is the matter
action. We will focus only on the case of scalar matter. The action has to be compatible
with all the symmetries of the theory. The general action is that of a non-relativistic
scalar field, which has a quadratic kinetic term and a superposition of terms with
higher-order spatial derivatives of the scalar field. We write the action as [36, 37, 38, 39]
Sm =
1
2
∫
dtd3x
√
hN
[
(3λ− 1)
2
(φ˙−N i∂iφ)2
N2
+ F [∂iφ, φ]
]
. (6)
This action is strongly motivated by the original Lifshitz scalar theory. It obeys the
Lifshitz scaling with dynamical critical exponent z = 3, and the FDiff symmetry. The
factor (3λ− 1) is introduced for future convenience.
To have UV renormalizability, the function F , should contain up to six spatial
derivatives [40]. We write F as follows
F [∂iφ, φ] = c1∆− c2∆2 + c3∆3 − V (φ), (7)
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where ∆ = ∂i∂
i is the 3d Laplacian associated to the metric hij, V (φ) is a potential
term and ci are constants which are related to the energy scale, that is
c2 =
1
M2
, c3 =
1
M4
. (8)
The constant c1 agrees with the velocity of propagation of light in the IR, which in our
units is set to one.
In the UV fixed point, the matter action is given by
SUVm ∼
1
2
∫
dtd3x
√
hN
[
(3λ− 1)
2
(φ˙−N i∂iφ)2
N2
− c3φ∆3φ
]
. (9)
In other words, the operator O = c3φ∆3φ, dominates in the UV.
On the other hand, in the IR, Lorentz invariance is restored, and when λ → 1 we
end up with a relativistic scalar matter action with an arbitrary potential
SIRm ∼
1
2
∫
dtd3x
√
hN
[
(3λ− 1)
2
(φ˙−N i∂iφ)2
N2
− c1∂iφ∂iφ− V (φ)
]
. (10)
3 The Hawking-Page quantum wormholes
Before we proceed to introduce our model. We will briefly review the so-called quan-
tum wormholes of Hawking and Page [23]. In the context of quantum cosmology, the
quantum wormholes are solutions to the WDW equation satisfying certain boundary
conditions. In contrast, classical wormholes are Euclidean metrics (Wick rotated met-
rics, t→ −iτ) which are solutions to the Euclidean classical field equations representing
spacetimes consisting of two asymptotically look-like flat Euclidean regions joined by
a narrow tube or throat.
We begin the quantum treatment of wormholes by introducing a 3-surface Σ, which
is a cross-section of the wormhole that separates two asymptotically Euclidean regions.
We will also consider matter fields φ on Σ. Then, we describe the quantum state of the
wormhole by the wave functional Ψ[hij, φ], where hij is the 3-metric on Σ. The wave
function obeys the WDW equation(
− 2κ√
h
Gijkl
δ2
δhijδhkl
−
√
h
2κ
((3)R− 2Λ) + Ĥmatter
[
φ,
δ
δφ
])
Ψ[hij, φ] = 0, (11)
where Gijkl :=
√
h
2
(hikhjl + hilhjk − hijhkl) is the DeWitt metric, and κ is Newton’s
constant, see [25, 26].
One has to solve the WDW equation, and then impose certain boundary condi-
tions to obtain the quantum state of the wormhole. These boundary conditions have
to express the fact that the 4-metric is non-singular, and has two asymptotically Eu-
clidean regions. This is difficult to implement in superspace, that is why one considers
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minisuperspace models. Following [20, 41, 23, 42], we will work with the Euclidean
Friedmann closed Universe plus a small perturbation εij
ds2 = N2(τ)dτ 2 + a2(τ) (Ωij + εij) dx
idxj, (12)
where Ωij is the 3-metric of a unit 3-sphere, S
3. To be more precise, we have chosen
Σ, the cross-section of the wormhole, to be the 3-sphere S3. Hence, the quantum state
Ψ that we need to find is that of a closed Friedmann Universe.
The 3-metric on S3 is then
hij = a
2 (Ωij + εij) . (13)
The perturbation εij, can be expanded in terms of hyperspherical harmonics on S
3
εij =
∑
n
anΩijQn + bnLijn + cnOijn + dnUijn. (14)
The index n actually represents three indices, but we have omitted them for notational
simplicity. The Qn are the scalar harmonics on the 3-sphere. The Lijn are given in
terms of Qn and Ωij. The Oijn are defined in terms of the transverse vector harmonics,
and the Uijn are the transverse traceless tensor harmonics.
The matter field is represented by a conformally invariant scalar field φ, which can
be expanded in terms of hyperspherical harmonics Qn on S
3, namely
φ(τ, xi) = a−1(τ)
∑
nlm
φnlm(τ)Qnlm(x
i), (15)
where φnlm are the coefficients of the scalar harmonics, and n = 1, 2, 3, . . .; l =
0, 1, . . . , n− 1, m = −l,−l + 1, . . . , l. From now on n will represent the labels n, l,m.
In a suitable gauge, the coefficients, an, bn, and cn can be set to zero, and considering
the case without gravitons, we can also make dn = 0. Choosing that gauge, we write
the 3-metric as
hij = a
2 Ωij. (16)
The wave function, Ψ is then a function of the scale factor a and of the coefficients of
the scalar harmonics φn.
As a result, the WDW equation for the wormhole is just the sum of a collection
of harmonic oscillators for the matter field modes, minus a harmonic oscillator in the
radius a of the 3-sphere S3 [20][∑
n
(
− ∂
2
∂φ2n
+ n2φ2n
)
−
(
− ∂
2
∂φ2n
+ a2
)]
Ψ(a, φn) = 0. (17)
This equation expresses the fact that the total energy of the wormhole is zero because
the positive energy of the matter field is balanced by the gravitational energy.
Note that upon quantization, the canonical momenta take the form
Pφn → −i
∂
∂φn
, (18)
Pa → −i ∂
∂a
.
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The quantum state of the closed Universe is then given by Ψ = Ψ(a, φn).
The matter modes φn do not interact with a, and the solution to (17) will be a
product of a wave function related to the gravitational part (a function of the radius
a) times a wave function which is a product of functions of the modes φn. That is
Ψ = ψm(a)
∏
n
ψn(φn). (19)
If we want to get solutions of the WDW equation (17) that represent wormholes then
we need to consider the following boundary conditions: (a)Ψ should be exponentially
damped at large values of the radius a.
(b) Ψ should be regular at a = 0.
This is because Ψ should represent an asymptotically Euclidean region for large a
(a → ∞), and there should be no singularities as a → 0. Thus, the wave function
Ψ will be the product of a harmonic oscillator wave function in a times the harmonic
oscillator wave functions in the matter fields.
Ψ(a, φn) = Hm(a)e
−a2/2 ×
∏
n
Hmn(φn
√
n)e−nφ
2
n/2. (20)
Hence, we have a discrete spectrum of wormholes. In other words, in the nth level of
the harmonic oscillator, we have m scalar particles.
Note that solutions of the WDW equation are independent of the lapse function,
that is, the WDW equation is the same in the Lorentzian and Euclidean regime. Then,
how do we know if we are talking about a Lorenzian or a Euclidean solution? The
answer relies in the boundary conditions. If the wave function is oscillatory, we have a
Friedmann Universe, but if we have an exponentially damped wave function then we
have an Euclidean wormhole.
4 Quantum Euclidean wormholes in Horˇava-Lifshitz
gravity
Inspired by Hawking’s treatment of quantum wormholes, the aim is to find the WDW
equation for the model of HL gravity coupled to a non-relativistic scalar field, which we
also consider as a perturbation, that is, expanded in terms of hyperspherical harmonics
on S3.
Quantum cosmology in Horˇava-Lifshitz gravity considering the general FLRW met-
ric
ds2 = −N2(t)dt2 + a2(t)
(
dr2
1− kr2 + r
2(dθ2 + sin2 θdφ2)
)
, (21)
where k = 1, 0,−1 for closed, flat or open Universe, respectively, has been extensively
studied (see for instance, [8, 11, 14]).
In this background the HL action is given by
SHL =
1
2
∫
dt
(
N
a
)[
−(3λ− 1)
(
aa˙
N
)2
+ 2a2 − 2Λa
4
3
− gr − gs
a2
]
, (22)
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where
gr = 24pi
2 (3g2 + g3) , gs = 288pi
4 (9g4 + 3g5 + g6) . (23)
Note that the spatial integration over the 3-sphere,
∫
S3
√
h d3x = 2pi2, has already been
performed.
Now, for the scalar field action, we treat the scalar field as a perturbation and
expand it in terms of hyperspherical harmonics on S3
φ(t, xi) = a−1(t)
∑
n
φn(t)Qn(x
i), (24)
where n = 1, 2, . . . .
The scalar harmonics are eigenfunctions of the Laplace-Beltrami operator ∆ asso-
ciated to the metric hij, that is [43]
∆Qn = −n(n+ 2)
a2
Qn. (25)
They also obey the orthonormality condition
1
a3
∫
d3x
√
hQnQ
∗
n′ = δnn′ . (26)
Plugging (24) into the scalar field action (6), we obtain the following result
Sm =
1
2
∫
dt
(
N
a
)(3λ− 1)
2
(
aφ˙n
N
)2
− φ2n
(
β1 +
β2
a2
+
β3
a4
) , (27)
with
β1 = c1n(n+ 2), β2 = c2n
2(n+ 2)2, β3 = c3n
3(n+ 2)3. (28)
Now, taking (22) and (27), we write the total action as
S =
1
2
∫
dt
(
N
a
)[
−(3λ− 1)
(
aa˙
N
)2
+ 2a2 − 2Λa
4
3
− gr − gs
a2
]
+
1
2
∑
n
∫
dt
(
N
a
)(3λ− 1)
2
(
aφ˙n
N
)2
− φ2n
(
β1 +
β2
a2
+
β3
a4
) . (29)
We compute the full Hamiltonian by means of the Legendre transformation
H = a˙Pa + φ˙nPφn − L, (30)
where a sum over n is implied, L is the Lagrangian of the total action S and the
canonical conjugate momenta are given by
Pa =
∂L
∂a˙
= −γ aa˙
N
, Pφn =
∂L
∂φ˙n
= γ
aφ˙n
2N
, (31)
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where γ = (3λ− 1).
The total Hamiltonian is then
H =
(
N
a
)[
− 1
2
P 2a
γ
+
P 2φn
γ
− 1
2
(
2a2 +
2Λa4
3
+ gr +
gs
a2
)
+
1
2
φ2n
(
β1 +
β2
a2
+
β3
a4
)]
.
(32)
To obtain the WDW equation for this model, we promote the Hamiltonian to an
operator acting on the wave function of the Universe, Ψ(a, φn). We have to take into
account ambiguities in the operator ordering, thus, we write
P̂ 2a 7→ −
1
ap
∂
∂a
(
ap
∂
∂a
)
, P̂ 2φn 7→ −
∂2
∂φ2n
, (33)
where the operator ordering ambiguity between the operators a and Pa is reflected in
the arbitrary constant p, and becomes important only for very small values of the scale
factor a. In quantum cosmology there exist two popular choices of this parameter. If
p = 1 we have the so called Laplace-Beltrami operator ordering, but if p = −1 then we
have the Vilenkin ordering [44].
Finally, the WDW equation for a non-relativistic scalar field coupled to HL gravity
is given by {
∂2
∂a2
+
p
a
∂
∂a
+ γ
(
−2a2 + 2Λa
4
3
+ gr +
gs
a2
)
+ 2
∑
n
[
− ∂
2
∂φ2n
+
1
2
γφ2n
(
β1 +
β2
a2
+
β3
a4
)]}
Ψ(a, φn) = 0. (34)
The objective is to try to find solutions (at least for certain limits) to the equation
(34) that are consistent with the Hawking and Page proposal for Euclidean quantum
wormholes. In other words, such solutions have to satisfy the following boundary
conditions:
(a). Ψ should decay exponentially as the radius a→∞.
(b). Ψ should be regular as a→ 0.
4.1 Solution to the WDW equation in the limit a→∞
The large a limit corresponds to the very late Universe, which is dominated by the
curvature and the cosmological constant. For large values of the scale factor, the term
with the parameter p, and the terms with constants gs, β2, and β3, all go to zero.
We can also neglect the constant gr because it is very small compared to the surviving
terms. The curvature and cosmological constant terms are the only ones that dominate
in this limit. Hence, equation (34) becomes{
∂2
∂a2
+ γ
(
−2a2 + 2Λa
4
3
)
+ 2
∑
n
[
− ∂
2
∂φ2n
+
1
2
γβ1φ
2
n
]}
Ψ = 0. (35)
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For Λ = 0 we obtain[
∂2
∂a2
− ω20a2 + 2
∑
n
(
− ∂
2
∂φ2n
+ ω21φ
2
n
)]
Ψ = 0, (36)
where ω20 = 2γ, and ω
2
1 =
1
2
γβ1.
The equation (36) resembles the WDW equation (17) obtained by Hawking. As we
expected, we are back to the usual GR quantum cosmology. Actually, we are in the
IR fixed point where λ = 1 and as we mentioned in Section 2, this limit should be
stable only non-perturbatively. The difference appears in the level of the Friedmann
equation, but at the level of the Hamiltonian constraint this problem is not evident.
We note that the total wave function is separable, and it is just a product of a
gravitational part of the wave function times a wave function for the matter fields
Ψ(a, φn) = ψ(a)ϕ(φn). (37)
Thus, the WDW equation separates into3 the following equations(
− ∂
2
∂a2
+ ω20a
2
)
ψ(a) = 0, (38)
∑
n
(
− ∂
2
∂φ2n
+ ω21φ
2
n
)
ϕ(φn) = 0. (39)
Note that the coefficients φn, appear in the WDW equation like the coordinate x of a
harmonic oscillator with frequency ω21 independent of a. Indeed, we have two harmonic
oscillator–like equations, one for a, and one for φn. The solution of equation (38) is
then
ψE(a) = NE exp
(−a2ω0
2
)
HE(a
√
ω0), (40)
where NE =
(
ω0
pi 22E(E!)2
) 1
4
is the normalization constant, and HE are the Hermite
polynomials, with E = 0, 1, 2, . . .
Similarly, the solution of equation (39) is given by
ϕm(φn) = Nm
∏
n
exp
(−φ2nω1
2
)
Hmn(φn
√
ω1), (41)
where Nm =
(
ω1
pi 22m(m!)2
) 1
4
with m = 0, 1, 2, . . . . These solutions can be interpreted as
corresponding to the closed Universe containing m scalar particles in the nth harmonic
mode.
As seen in Figure 1, both the gravitational sector of the wave function and the
matter wave function have an exponentially asymptotic behavior:
ψ(a) ∼ e−a
2
2
ω0 , ϕ(φn) ∼ e−
φ2n
2
ω1 . (42)
3We have taken the separation constant equal to zero.
11
The part of the matter fields was plotted taking one scalar particle (m = 1) in the first
harmonic mode (n = 1).
Therefore, the total wave function, Ψ(a, φn) = ψ(a)ϕ(φn), in the limit of large a,
agrees with the boundary condition (a) of the Hawking-Page conjecture.
Figure 1: On the left hand side is the plot of |ψ(a)|2 for E = 1, and on the right hand
side is the plot of |ϕ(φ)|2 for m = 1 and n = 1. We set λ = 1, which is the value of the
parameter in the GR limit.
4.2 Solution to the WDW equation in the limit a→ 0
Now we are interested in studying the case when the scale factor is small, or a → 0.
This means that we are in the early times of the cosmic evolution. Precisely for short
distances HL theory is more appropriated than GR since it is well behaved in this limit
and it should give sensible results near the singularity. In this scenario, the surviving
terms in the gravitational part of equation (34) are the ones with HL parameters gr
and gs, as well as the one with the parameter p. When a is small, we cannot neglect the
quantum effects, which means that the operator ordering parameter p becomes more
significant.
In the matter fields part of equation (34), we consider that 1
a2
is smaller than 1
a4
when a→ 0, so we can neglect the former one. Therefore, in this limit, the higher-order
terms dominate, and the WDW equation (34) reads{
∂2
∂a2
+
p
a
∂
∂a
+ γ
(
gr +
gs
a2
)
+ 2
∑
n
[
− ∂
2
∂φ2n
+
1
2
γβ3
a4
φ2n
]}
Ψ = 0. (43)
In order to obtain solutions for this equation, we need to make the following change of
variables for each φn [32]
ηn =
φ2n
2a2
. (44)
With the change of coordinates (a, φn)→ (a, ηn), the WDW equation becomes[
a2
∂2
∂a2
+ pa
∂
∂a
+ γ
(
a2gr + gs
)− 2∑
n
(
2ηn
∂2
∂η2n
+
∂
∂ηn
− γβ3ηn
)]
Ψ = 0. (45)
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Hence, the change of coordinates introduced earlier makes the wave function separable:
Ψ(a, ηn) = ψ(a)ϕ(ηn). (46)
The WDW equation (43) separates into(
a2
d2
da2
+ pa
d
da
+ γ
(
a2gr + gs
)
+ χ
)
ψ(a) = 0, (47)
and ∑
n
(
2ηn
d2
dη2n
+
d
dηn
− γβ3ηn + χ
)
ϕ(ηn) = 0. (48)
The general solution of equation (47) is given by a linear combination of the Bessel
functions and Neumann functions [45]
ψ(a) = C1 a
1−p
2 Jν(a
√
γgr) + C2 a
1−p
2 Yν(a
√
γgr), (49)
where the order of the Bessel function is ν = 1
2
√
1 + p(p− 2)− 4(γgs + χ), which
depends on the value of the parameters λ and p. As previously mentioned, λ is a
dynamical coupling constant which can take different values in the UV regime. Here,
we will work with values λ > 1/3 such that (3λ − 1) 6= 0. Also, in order to avoid a
complex argument in the Bessel functions, we will take gr > 0. The bounds for p and
gs will be given below.
Since we are considering the limit a→ 0, not both functions in the general solution
(49) are admissible. This can be seen from the asymptotic forms of the Bessel and
Neumann functions
Jν(z) ∼ zν , Yν(z) ∼ −z−ν . (50)
Notice that the Neumann functions, Yν(z), diverge at the origin, so we set C2 = 0, and
keep only the asymptotic form of Jν(z) for small z.
Therefore, for small a the general solution (49) reads
ψ(a) ∼ a 1−p2 +ν . (51)
This solution is indeed regular at a = 0 satisfying the Hawking-Page boundary condi-
tion (b). However, one needs to be careful with the choice of operator ordering because
for p > 1 we have a divergence. Nevertheless, for p < 1 the divergence is avoided, and
the wormhole boundary condition is satisfied. As for gs, we can restrict their value by
demanding ν to be real. Hence, the bound for gs is
gs <
1 + p(p− 2)
4γ
− χ
γ
. (52)
In Figure 2, we show the plot of the solution of the gravitational part (49) for C2 = 0.
We choose three different values of λ. The plot 2 shows that the higher the value of
the parameter λ, the higher the frequency of oscillation of ψ(a) for a far away from
the origin. It is also observed that the amplitude decreases as λ grows. This does
13
Figure 2: Plot of the square of the wave function, ψ(a) ' a 1−p2 Jν(a√γgr), for p = −1,
gr = 1, gs = −1, and for three different values of the parameter λ.
not contradict the Hawking-Page boundary conditions because we are interested in the
behavior of the wave function for small a, and in that region, the solution is indeed
regular, i.e. ψ(a) = 0 for a = 0. We still need to give the allowed values of χ. This
will arise naturally as we explore the solution of equation (48).
Equation (48) is a Hermite-like equation, hence its solution can be written as
ϕm(ηn) = Am
∏
n
e−
ρ
2
ηnHmn(
√
ρηn), (53)
where χ = ρ(m + 1
2
) for m = 0, 1, 2, . . . , ρ2 = γβ3, and Am = (2
mm!)−
1
2 is the
normalization constant.
Asymptotically, the solution behaves like
ϕ(η) ∼ e− ρ2 η, (54)
which implies that as η →∞ (a→ 0) the solution is regular.
In Figure 3, the solution (53) is plotted considering one scalar particle (m = 1) in
the first excited state (n = 1) for different values of the parameter λ. As we can see,
for higher values of the parameter λ, the peak of the distribution becomes narrower.
Finally, the full wave function in this limit behaves like
Ψ(a, η) ∼ a 1−p2 +ν e− ρ2 η. (55)
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Figure 3: Plot of the square of the wave function, ϕ1(η) ' e− ρ2 ηH1(√ρη), for n = 1,
m = 1 and for three different values of the parameter λ.
which is of course regular near the origin, obeying the Hawking-Page boundary condi-
tion (b).
It is worth mentioning that this solution resembles the one found when a massive
scalar field is minimally coupled to gravity [32].
The solutions here presented were obtained for zero cosmological constant, but they
can be extended for Λ 6= 0.
4.3 Solution to WDW equation for Λ 6= 0
Solutions to the WDW equation in the context of a FLRW minisuperspace model have
been studied in [8] considering all the possible values of the cosmological constant.
Here we will analyze some of the results in the context of wormhole solutions.
• Solution for Λ > 0
In the limit a→∞, the term with a2 is smaller compared to the term with a4, so we
only keep the latter. Also, the operator ordering parameter p is no longer significant,
and we end up with the following equations:(
∂2
∂a2
+ gΛa
4
)
ψ(a) = 0 (56)
and ∑
n
(
− ∂
2
∂φ2n
+ ω21φ
2
n
)
ϕ(φn) = 0, (57)
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where gΛ =
2γΛ
3
, and the separation constant has been set to zero so that we can obtain
physically meaningful solutions.
The solution to Eq. (56) is given by a combination of Bessel and Neumann functions
ψ(a) = C1
√
a J1/6
(√
gΛ
3
a3
)
+ C2
√
a Y1/6
(√
gΛ
3
a3
)
, (58)
while the solution of (57) is given in terms of Hermite functions, and it is the same as
in (41).
The behavior of (58) for large arguments is oscillatory. This can be easily seen by
making use of the asymptotic expansion for Bessel and Neumann functions for |z| → ∞
Jν(z) ∼
√
2
piz
cos
(
z − νpi
2
− pi
4
)
,
Nν(z) ∼
√
2
piz
sin
(
z − νpi
2
− pi
4
)
. (59)
Hence, using these expressions, the asymptotic behavior of ψ(a) for large a reads
ψ(a) ∼ C1
a
cos
(√
gΛ
3
a3 − pi
12
− pi
4
)
+
C2
a
sin
(√
gΛ
3
a3 − pi
12
− pi
4
)
, (60)
where Ci = Ci
√
6/pi
√
gΛ, for i = 1, 2.
As we can see in Figure 4, ψ(a) has an oscillatory behavior for large a. Even if
we take into account the solution of the matter part (which goes like exp(−φ2)), the
oscillatory behavior will not be suppressed. Hence, the total wave function Ψ(a, φ), for
large a, does not satisfy the required boundary condition, and for that reason it does
not describe a quantum wormhole. However, we may interpret this wave function as a
Lorentzian or Friedmann Universe.
Figure 4: Qualitative plot of |ψ(a)|2 for λ = 1, which is the value that the parameter
takes in the GR limit. The wave function ψ(a) oscillates for large a.
In the limit a→ 0 we are back in the HL regime, where the cosmological constant
is no longer significant. Indeed, the solutions in that limit will behave like in equation
(55), and satisfy the wormhole boundary condition (b).
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From the above analysis, we see that the presence of a positive cosmological constant
makes the wave function of the Universe to have an oscillatory behavior in the limit
a→∞. For that reason, the Hawking-Page wormholes cannot exist in this scenario.
• Solution for Λ < 0
For a→∞, and gΛ < 0 the equations to solve are(
∂2
∂a2
− (−gΛ)a4
)
ψ(a) = 0, (61)
and ∑
n
(
− ∂
2
∂φ2n
+ ω21φ
2
n
)
ϕ(φn) = 0. (62)
The solution of the gravitational part (61) is a combination of the modified Bessel
functions, that is
ψ(a) = C1
√
a I1/6
(√−gΛ
3
a3
)
+ C2
√
aK1/6
(√−gΛ
3
a3
)
, (63)
while the solution of (62) is again given in terms of the Hermite functions, and it is
the same as in (41).
Now, let us write the asymptotic form of the modified Bessel functions for large
argument (|z| → ∞)
Iν(z) ∼ e
z
√
2piz
, Kν(z) ∼
√
pi
2z
e−z. (64)
From these expressions we notice that Iν(z) grows exponentially as z →∞, hence we
only keep Kν(z) because it decays exponentially for large z and satisfies the wormhole
boundary condition (a).
Therefore, the asymptotic solution of (61) is
ψ(a) ∼ 1
a
e(−
√−gΛ/3)a3 . (65)
The plot of this solution is shown in Figure 5. We see that for large a, the wave function
is exponentially damped, however it is highly suppressed due to the factor e−a
3
. The
full wave function in this limit is
Ψ(a, φ) ∼ 1
a
e(−
√−gΛ/3)a3e−
φ2
2
ω1 . (66)
It seems that in the limit of large a, we have a exponentially damped wave function.
Indeed, this solution satisfies the Hawking-Page boundary condition (a).
On the other hand, in the region of the early Universe, that is, in the limit a→ 0,
the HL terms are the ones that dominate, and the cosmological constant does not
appear. Hence, we are back to the case with solution (55), which agrees with the
wormhole boundary condition (b).
The performed analysis shows that for a negative cosmological constant we have
a exponentially (but highly suppressed) damped behavior in the limit a → ∞, and
a regular behavior in the limit a → 0. This satisfies both Hawking-Page boundary
conditions. Hence, in a Universe with negative cosmological constant, wormhole con-
figurations may exist.
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Figure 5: Qualitative plot of |ψ(a)|2 for λ = 1. The wave function ψ(a) is exponentially
damped for large a, but it is also highly suppressed.
5 Final remarks
We have studied Euclidean quantum wormholes in the context of the projectable ver-
sion of the HL gravity. We considered a FLRW closed Universe minisuperspace model
coupled to a scalar field, which we treated as a perturbation, which is expanding on hy-
perspherical harmonics on the 3-sphere. We obtained a WDW equation by canonically
quantizing such model. As expected, the gravitational part of the WDW equation is
fully characterized by the scale factor. On the other hand, in the matter part of the
equation, the coefficients of the scalar harmonics and the scale factor appear. This is a
consequence of the higher-order spatial derivative terms in the matter action. In order
to obtain analytical solutions to the full WDW equation (gravity+matter) we solved
it by considering limiting cases of small and large scale factor.
In the limit of the very late Universe (large scale factor) and considering a vanishing
cosmological constant, the resulting WDW equation turned out to be a sum of two
harmonic oscillator equations, one for the matter fields and one for the scale factor.
The WDW equation is similar to the one found in GR when considering a model of
gravity coupled to a conformally invariant scalar field as shown by Hawking [20]. In
this case, the solution of the WDW equation is a product of two harmonic oscillator
wave functions, which are given in terms of Hermite polynomials. This solution is
exponentially damped at large values of the radius a agreeing with the Hawking-Page
boundary condition (a). It is also important to point out that this case corresponds
to the Hamiltonian constraint in GR, where the additional scalar degree of freedom of
the projectable theory is not evident.
In the limit of the very early Universe (small scale factor) things get more interesting
because the quantum effects cannot be neglected, and the operator ordering parameter
p becomes more significant. In this regime, the HL terms dominate, and hence the
cosmological constant term can be neglected. The WDW equation turned out to be
non-separable because the term φ
2
a4
appeared in the matter part. However, we avoided
this problem by using a suitable choice of coordinates. Fortunately, the equations
obtained after this change have known solutions. Specifically, the equation of the
gravitational part is a Bessel-like equation, thus their solutions are a linear combination
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of Bessel functions of the first and second kind. We kept the function Jν(z) because
it is the one that satisfies the wormhole boundary condition (b), that is, it is regular
in the limit of small values of the scale factor. However, as the value of a increases
we start to see an oscillatory behavior. This does not contradict the Hawking-Page
conjecture, it just means that ψ(a) is regular in a different way.
The matter equation is given in terms of the new coordinate η = φ
2
2a2
, and also
has known solutions, namely, Hermite polynomials. Notice that at small values of the
radius a, η → ∞. In this limit, the solution behaves like ϕ(η) ∼ e− ρ2 η. Therefore, it
eventually goes to zero, and hence is also regular, which agrees with the Hawking-Page
boundary condition (b).
The solution obtained in the limit of small radius a is similar to the one obtained
when a massive scalar field is minimally coupled to Einstein’s gravity. This observation
is interesting because it means that the HL gravity terms naturally behave like some
kind of ’effective mass’.
We also gave different values of the running parameter λ of HL theory in the limit
a → 0. The effect of λ on ψ(a) was decrease the amplitude. It is also observed the
increment on the frequency of oscillation, but it remained regular at the origin, which
is the region we are interested in. On the other hand, its effect on ϕ(η) was to make
the function more localized or peaked.
Supposedly, a necessary condition for wormhole-like solutions to appear is to take
Λ = 0. However, we expanded our analysis by considering the case of nonzero cosmo-
logical constant, which dominates in the IR limit. As expected, for Λ > 0 we found
oscillatory solutions, indeed, this happens because we are in a classically allowed region,
i.e. the WDW potential V (a) < 0. Thus, this solution does not satisfy the wormhole
boundary condition (a) meaning that wormholes cannot exist in this scenario. For
Λ < 0 we obtained a damped solution. This is also not surprising because it just
means that we are in a classically forbidden region, V (a) > 0. This solution combined
with the one found in the limit a→ 0 tell us that wormholes might exist in a Universe
with negative cosmological constant.
Finally we want to mention that stable Euclidean wormhole solutions do exist
in Anti-de Sitter spacetime via the holographic correspondence [46, 47]. It would be
interesting to find a relation between these issues and the result presented in our paper.
In addition for future work, it would be interesting, to look for numerical solutions for
the full equation (34) and analyze in detail and interpret physically these solutions.
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